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MOJZA

QUADRATICS

Completing the square

9709_w21_13 -q3

Express 5}?3 — 30y + 50 in the form 5(y + a)? + b, where a and b are constants.

S4? - 30y + S0
5(‘-\"—*"3 + (./12-) + (5‘ % —-CB):—-{-‘SO)
S'CU;'- -y 3") +(-u5 “"—3.0) :
s(y - 3)Y 4+ & |
Ja,= -3
b= 5

9709 _s18_13 -q1

Express 3x2 — 12x + 7 in the form alx + .-";r]2 + ¢, where a, b and ¢ are constants.

e —-122e +4
3 (et —Yu *“lzl)'*(b x —(2)* +:|3
3(x* M+ 22 4 (- +3)
3(% -2 _ &

Q=3 C = -5

b=-2
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Discriminant:
9709_S14_11
Find the set of values of & for which the line v = 2x — & meets the curve v = 1 + kv — 2 at two distinct
points. 3]

(O Equate borw equakiong

2x -k = x"-y:l-:x-»':_

@ Forenn o q.,uudfa.-"eff_,

wn* -2% tewn -2+ =0,
2 T 4 C'ﬁ—ljx,_ =24 =0

»
-

® L-E':-E._ discriveinan bt " "ol_—"iﬁthc.“

(k-0 - a4(1N(-2+x)>0
kK* 44k +Y + @ -Yyk SO
kKT -8k +12 SO
(w-Y(Kw-2) >0
K >0 K>
_{LC'P . irﬁucﬂ.i’rﬂ o f =maller ﬁul_m‘ﬁi’.f "

K> and W<z .
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Q4) 9709 M17_12

Find the s¢t of values of & Tor which the eguation :L: + 3kv + & = 00 has distinet real roots,
I

2%t +3kx + Kk =0
b* - Yac 20O .
L (BEY = M DH= 2O
Qk*> -8k =20
ow (AR =@) >0
L\, =>O0 K =8
WS wen 9 —

Solutions To A Graph:

Q5) 9709_s22 qp_11

A y=%x+]

o

1
The diagram shows the curve with equation y = (3x — 2)? and the line y = %x + 1. The curve and the
line intersect at points A and B.

(a) Find the coordinates of A and B. (4]
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s Equate  bon  equotiong gou tiie

4
(d-2)" — 0.54 4|
(3%-2) = (0-5%+)*
(3% -2) = (o 252> + 2 + 1) oo

O 252t - 3% + % + 2 + |

2t 2 & i i

A y \ Ve pes e agiaedd]
w = (o \/midd'le kth x =2
q = ‘L{fn-\ =S ] x ‘1 - ‘It‘g 'j“ '{L 3 ‘ =202 .y
J 2 - ) 2L ~

(G . 4) APEARY G RV 0 A
Q6) 9709_w21_qp_13
The line y = 2x + 5 intersects the circle with equation x> + y*> = 20 at A and B.

(a) Find the coordinates of A and B in surd form and hence find the exact length of the chord AB.

(7]

Liw—e Porat CLlRCLE - =
OESuaTE =
l-t*l')ﬂf_"’“s- "‘11-= Jlo_'xrz - r © i
+ =
A
2o+ 5 =.{2.D-x")". i . tor -
(22 +5) = 20 — 5>

- e . L R : - ~ 1 o
x = -2+03 > xe-2-f3 .. .
t}.—. 2(2+3)+5 = |+ 2.3 ‘}J= 2(-2-53y +5= .1 - 253
A (245, (+28) & (2-B , 1-26)
P\E’ = ’J(x" 'I‘-}L.‘ C‘i‘-"'\ l\it-'-'—'. Cﬂo - . L; - h Ll L * |
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COORDINATE GEOMETRY

Equation Of Perpendicular Bisector Of A Line

Q1) 9709 _S19 QP_12

Two points A and B have coordinates (1, 3) and (9, —1) respectively. The perpendicular bisector of
AB intersects the y-axis at the point C. Find the coordinates of C. [5]

9) A1) B(a, -0)

?7& = - | -3 - 1.

4= 2 _ .

© ™Make equation of perpendicular bisector
_Hﬁmﬂ 1:&&.‘.@:\"&' oand.  roid ?n‘f-ﬁt - '

° . l+q 3+ (1) \ _;(ﬁ“_”_p t')
-1 ’ 2
_ 1“ﬂ_1=?"’(?{"1|\)
M-y = 2 (x-5)

@ Pub'x=0" o {ri'nc]h Y-oxis intersgekion -

Y =29 —9 -
1= 2(=) -9
Y- -4

b C,.:(D,—ﬁ) 6
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Using Expanded Formula Of Circle

Q2) 9709_s22_qp_11

The equation of a circle is x> + y> + 6x — 2y — 26 = 0.
(a) Find the coordinates of the centre of the circle and the radius. Hence find the coordinates of the
[4]

lowest point on the circle.
2% 4u? 4 b —24 -206 = @)
( ) axvanoe et ab A4y _2"_'; = 2@ —
J " % z
(i) form idenkidy. L T 70 W Gl S W G M 2(9*-((“}4'{_1‘)
L] J_ - -
(iid)_sowe. x4+ cx + 3 +L1L—l\1+l=lfa+q+\ * =
() find centvekvadus (% + 4= = 36
certre — (-, I)
~Nadius — Ern = (o
Circle Properties
Q3) 9709_s20_qp_11
The coordinates of the points A and B are (-1, —=2) and (7, 4) respectively
(4]

(a) Find the equation of the circle, C, for which AB is a diameter.

A -\ -2 wdA, 4)
L. Cerdve 3 Pre ecldpoint ef Yrece 2 ponts -
SN o f D (DY -2y N 2
2 . =, ).
= < S '

—2-: radfusg | i
(%2 T2+ (ys-y >

NS T
I Lo -+ ﬁ

=

=

‘v'f2“’5'
=
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CIRCULAR MEASURE

Finding Arc Length of Shaded Region

Q) 9709_s20_qgp_11

15¢cm

A 6cm (0] X ¢

In the diagram, ABC is a semicircle with diameter AC, centre O and radius 6 cm. The length of the
arc AB is 15 cm. The point X lies on AC and BX is perpendicular to AX.

Find the perimeter of the shaded region BXC. [6]

) Eind  BOC usimj S=r0 g_ .
S=¢@Q uﬂ:/}\‘
. 0 x C
0 =2-5
A—B = 04 -BoC

ii) - BX  — Gsin(o-ey):=8:50
OX — Geos(oeu)= 1-80
XC — ( —u4-80 = I-19
BC — 0 = (o-ew) =3.85

iii) Per;mp_ber : BK * X0 + BC
350+ \'\q + 3.85
8:3Y4
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Q) 9709_s20_qp_12

In the diagram, OAB is a sector of a circle with centre O and radius 2r, and angle AOB = %TI: radians.

The point C is the midpoint of OA.

(a) Show that the exact length of BC is ry/5 — 2+/3. [2]

. _Uge ¢€O8ing, rulg, :
e = ar + b* - 2alb(osO)
acts r* «+ (.?.r\" - i(_r\(:.r')(ms X/o)
der = Br™ - Sfwet
BL - (*(5 -23)
B« AJr2(5-243)
ec = +.[5-23
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FINDING AREA OF SHADED REGION :

FES §: 1

12 cmi

In the diagram, A is a sector of a circle with centre O and radius 12 em. The lines AX and BX are
tangents to the circle at A and 8 respectively. Angle 408 = sx radians

(i) Find the exact length of AX, giving vour answer in terms of 4/ 3,

(g%

(ii) Find the area of the shaded region, giving yvour answer in terms of & and +/3. [3]

Solukion :
(i) AL —» tanB = Opp

@ - orea. of A) — (area of sector)

Vw4 : . x\
( 2 Z, I,

4o~ 3 — 247K

10
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,.'l
= 2cm
'] i
I em

In the diagram, £ lies on the side AR of trangle ABC and C is an arc of a circle with centre A and
radius 2 cm. The line BC is of length 24/3 cm and is perpendicular to AC. Find the arca of the shaded
region B0OC, giving your answer in terms of T and /3. [4]

i. _Pnqgle B8AC = Lonb =203
2

B =

|

11
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SERIES AND PROGRESSION

Formula Based

9709 s22 qp_11

The thirteenth term of an arithmetic progression is 12 and the sum of the first 30 terms is —15.

Find the sum of the first 50 terms of the progression. [5]
Souwtion® TR L
Le T= a« f_n-f}cL = Ss0:
a + 12d =12 50 G" (a)+ M3 -sﬂ
. z o~ -7

a = 12 =12

%5, W | -' g |=2525 mng|
> S;ic:- = =15 . - '

30 f2a '+ 294\ = —15

e 1

15 (l(\l-i},d.‘) +2."-ld.3='ff;
24-2M4d +29d = -\
Sd = =29
d = -5
a= 12-12(-5) =32

12



9709 w22 qp_13

The first term of a geometric progression is 216 and the fourth term is 64.

(a) Find the sum to infinity of the progression.

[3]
SotuTion

(Y Gnd r

s Ternal= ay?

G4 = (ak) >

3/‘3_ = r . 2
27 - 3
(_“) Uee Lornula =7 Swo= a
] ' =
= 2l - é)qg
| — 3-{'3

Scenario Based
9709 _s20 _gp_11

Each year the selling price of a diamond necklace increases by 5% of the price the year before. The
selling price of the necklace in the year 2000 was $36 000.

(a) Write down an expression for the selling price of the necklace n years later and hence find the
selling price in 2008.

(3]

(b) The company that makes the necklace only sells one each year. Find the total amount of money
obtained in the ten-year period starting in the year 2000.

2]
Selukion :

(1) - \rcrease by 5% = 1:05.

a = 3oobh

'T-_qr“

T- 3wooo (1:05)"
Ta- 5&.000(_“1-0‘533
-.-'[5"539.00

(1) Syp= 3wooo (051  °

\o5—|

$uszooo 13
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DIFFERENTIATION

Equation Of Tangent
9709_s21_qgp_11

The equation of a curve is y = 2v3x +4 —x.

(a) Find the equation of the normal to the curve at the point (4, 4), giving your answer in the form
y=mx+c. [5]

2 Fuaf B+ F: -n

(N _frgk Find quakient: oy diffrentiating.

Y= 2 (3% +'-1‘;|" - %
s
= l{hl\}(ﬁhu-ﬂ-l‘}xﬁ) - |

Y. >

dx ‘J_St‘; L

(). Pub(L454) o fnd hn?nl: 7 M.nbﬁhaﬂ/;

%‘__, = R
. 3(u)+4 , 1 N
l"!:n‘mai. = 4

i

{m‘\ MNoky ﬁﬂuabﬁh uﬁ‘mﬂn \l""-h' ?72(%":&)
Y4 -4 (’)l—"ﬂ :
Y= Yx 412~

14
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-
-

ANEAN

0 4

i
The diagram shows part of the curve with equation y = (3x + 4)2 and the tangent to the curve at the

point A. The x-coordinate of A is 4.

(i) Find the eauation of the taneent to the curve at A.

Selukion
(i\ -{:-'mr]_ (T-s "_'-‘)
% = 4

(304)*“3 =4

(@l,uﬁ

( i) d&c—e"tm 3

Y (B )

-\ (3x+n) T x 3

2

M

( 3'x-+4—15

3
~

\
Puk =t — 3 (3cuy+4)? -

Q.

EQ- Y-uy- 3 (?{, l

Y- 3/:9:& +5/5

(5]

15
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dy/dx and Stationary Points
9709 _s20 _gp_11

The equation of a curve is y = (3 — 2x)* + 24x.

dy d?y
(a) Find expressions for i and E}Z (4]

(b) Find the coordinates of each of the stationary points on the curve.

3]

I_'i Y ""['5'2'&\3 + 244 f )%‘cabxomﬂ mmb d"ﬂﬂw =0 ,
B 3(3-29)(-2) + 24 — (3~ 22 424 =0
e (3-228 = 4

3-2%x = 12,

= - fp(s—z-u_‘f' 42y

d»f’iz‘;- 12 (3-2) (-2  3-2x-= — 2 3-&?1 =2
- X' /  ®=25 \ [ 2=0-5 \
= 34(3—-2-::.) ( g- G'H“SX/) L 4= 20 | )

9709_s20 gp_12
The equation of a curve is y = 54x — (2x - 7)°.

v d2
(a) Fmd — and —;.
dx?

[4]

(b) Find the coordinates of each of the stationary points on the curve.

(3]

(¢) Determine the nature of each of the stationary points.

(2]

(D) 4 = 4% (C2z-1)° (i) SUr-cf22-D'=0
9 B84 - 3 (2) (22-3Y =
d_"‘ s B4 —=(p(2x-T 2%-q=3  2x-3:=-3
A xﬂ‘S‘L\ 243 =x=2, "l 3S

-  —\2 (,.2,9\’--'-1) (2-) {m) ralaL : i
g2y . -24 (- ::1) w=5 =2402)H)-3 ) = -2 ‘maoc.,j
dx* %z '2‘*(1&‘)-'4) = 12 mul

16
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Rate Change

9709_w22_qp_13
A large industrial water tank is such that, when the depth of the water in the tank is x metres, the

volume Vm?® of water in the tank is given by V = 243 — %(9 —x)>. Water is being pumped into the
tank at a constant rate of 3.6m?> per hour.

Find the rate of increase of the depth of the water when the depth is 4m, giving your answer in
cm per minute. [5]

V= 243 - \3fa-xy°

"L\J ) (q""x)l
ol

"
<

w

)
Ut
O
£
;.

17



9709 _w21_qgp_12.

The volume V m? of a large circular mound of iron ore of radius rm is modelled by the equation

V= %(r - %)3 — 1 for r > 2. Tron ore is added to the mound at a constant rate of 1.5 m> per second.

(a) Find the rate at which the radius of the mound is increasing at the instant when the radius is 5.5 m.

(3]

J= ¥ (r-'h) = |

2
AV qfl(f""l’-‘J
A

A= ‘5‘5-
= 9> ("_5"5“’13 '

v = N2 .5

dr - &V dr
N L - v olv

Al W2.4

= l‘l"‘ﬁl‘S.

ﬂh" - \“5.% “

—

A5

18
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INTEGRATION
Equation Of Curve

9709_s22 _gp_11

2

dy

The equation of a curve is such that

Find the Pmnrmn of the cnrve

MOJZA

4
5 = = 6x° — —. The curve has a stationary point at ( 1, %)

3

X

d*y | 44 o .M
dx* dx dx =
L bxt — 4o 293 4 22"
ex® — Yy 224 22’
3 2 4 -
W - Ro® + 2% 4c H=laxl _oa 4
Y

dx

(0 =Wy > x=-1)

( =y qb,\’

0= R (1Y +2( 1) +C

Ao = Yoy -2 N+ C

c= 0

&q)u.aifgq=
[ v

9709_s21_qp_11

d 3
Y -2 +32x°. Ttis given that the curve passes through the point

The equation of a curve is such that — =
dx x*
1
(3 4)-

Find the equation of the curve.

e = 3o + 3553

(4]

LN

%; 4 =1 + 8 (o. s\—*c
(o-5Y. L

-3 - ;o
‘Lﬂ_‘i_)?’x 4 32,
d —
* '3’ L' o= ‘\'5—
y= - 82l +C  eqr 4= ) 8%, 23

S -
!‘ ..-- 7('3 2/



Area Under Curve
y y=2x+2
A

rap—

(0]

1
The diagram shows the curve with equation y = 5x? and the line with equation y = 2x + 2.

Find the exact area of the shaded region which is bounded by the line and the curve. [5]

'P'LRE'FH
_ O firsle find - —ecordingte” Bk L-:! g:_n\: of inkevgeckion,
6y =2x+2 N
- 2xA42 = 52"
2x-S=" +3 =0
(golNe quadvakically®)
x=0O0 -2.".5' ‘L'Ji! .

) \nkqmu, usuq lireilc® f Upper Q’-WE) . (_ Laumﬂmﬂ\

§ = 5an Y = (242
ul_',‘l' A
— =] 52 |Li _ _|—*-==- eI
il [025
f o] Cq} i Ej Eg 15 ) | _I‘.'__H\J' *i})‘%{ﬂ a UI'L
\05 . 335
| | Lo )
= 45
o

20

MOJZA



V]

MOJZA

Q2)

Find the area of the region enclosed by the curve y = 2y/x, the x-axis and the linesx =1 and x = 4,

[4]
() inteqrale
lj = ‘zx'fl_

2_1,3!1
ﬁjf:_
Ll
(2)Llimik] M > |
13 1,
Y H\”L vy ‘\.:h_ - z_g
3" 3 ° 3

Volume Under Curve

9709_s20 qgp_12

[
'

(1, 6)

(3.2)

o

The diagram shows part of the curve y = E The points (1, 6) and (3, 2) lie on the curve. The shaded
X

region is bounded by the curve and the lines y =2 and x = 1.

(a) Find the volume generated when the shaded region is rotated through 360° about the y-axis. [5]

21



! Qbouc | -awig " make % s_t.uhv'iub .

= G
w = 3y

CURNG

. = .
j 1h§g%~_-_-ghg '.] :‘{:&! +
'2_ .

u..PFlEFd
|
o
6
L \
M e

(=3 — (-3¢0 )
| (=) — (=18)]
= 12 A =\2A

«

,.;.H = Irl,"\f
5 = RO 4
35 - 4R

findL = RA- 4k
- B8R

22
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TRIGONOMETRY

Prove The Identity

9709_s20_qgp_11
1 +sinf cos 6 2
a) Prove the identit = :
(a) Prove the identity cos 0 + 1+sin® cos@

_Solukton ¢

(1 _LCoen: (1+500)(1+s\n0) + (€080 ) (cosO)
cogb (| +sin 9)

. 2 . 1
=> | +3aB +2\nBD +2in0 4 QOs" 2]

cogd (1 +§.\r\9)

l+) + 28~0

=y
, 038 (145inB)
_\ 2 Cv o+ 3)’(/9) |
’ c050(1451n6)
=y 2
9709 w20_qp_11 cos©
sin 6 sin 6

= 2 tan’ 6.

(a) Show that

(D) Len:

l—sin@ 1+sin@

sinBCHs‘\nB) —g‘mG( l-s'me) '
| —e\n2 0

s‘m’-@-*s'\yé—s,\n(e +ein-G
|- e\=2B

2.8\n0 = A tan' ©
cos*B

MOJZA

23

(3]

(3]



MOJZA

Find The Angle

9709 w22 qp_13
Solve the equation 8sin’0+6cos B+ 1 =0 for 0° < 6 < 180°. [3]

SouLTIon
8(1-tos¥B) +lbcogd + | =0
B — Bcos™® +lepsO 4| =0
8c*—be -9 =0
cosO= 3/2 cosb = —3/4
© = nobt- pos- © - 4.4
ang = 138:6° (neq 9uadiont)

Graph

9709_s21_qp_11

A

|
PN
H
=]
L=
H
-
A
Bl
A
ENiry
E]
talw
A
£l
H

The diagram shows part of the graph of y = atan(x — b) + c.

Given that 0 < b < &, state the values of the constants a, b and c. [3]

SoLuno
Q- am‘p{d‘ude = 2
b= tvarsforored TIqhE
b:; Ky . i
Cz 1 (eonsbamlt o

24
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-

MOJZA

y =f(x)

The diagram shows the graph of y = f(x), where f(x) = %cost + % forO<x<nm

(a) State the range of f.

To findl fanae. DP\-— g

(2]

) 2 2
iu}a! add. aw\?\i\-udp to conskankt ling, .
3cCos2et L 1 « t 3 = -\
2 S 3 1
amplitu Constant. ling, = =1 <L) <&

25



FUNCTIONS:

With Differentiation

9709 _w21_qgp_13

(b) The function f is defined by f(x) = x> — 10x> + 50x for x € R.

Determine whether f is an increasing function, a decreasing function or neither.

' -‘:-l.rﬂt :
f(x) = x5 — 102> +S0x

dy - S5z - 30x* +50
dae

‘inckoﬁfs.e. oW =

B> (b= +3") ~(5¥%5 + 50

S (- '-!-')L + 5

S Henw , as | foromy value of x
(22 -3) wil e SO

S (x> -3 wil be 0

Szt -3V +5will be YO

as alwaeHs miﬁ.ue,‘ “‘: ie irf_ﬂﬂﬂﬁ'im
., : 3
Lunckion

26
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Composite Functions

9709 _w21_qp_12.

The function f is defined as follows:

(a) Find the value of ff(5).

f(x)y= 24> input 57 ingulc Q[.g) it
4 /

x —|

® g-i‘j): S43 - A @ .E_ (5\ = ,?,*3 _ g
2.~ 2-\

Transformations

9709_w21_qgp_12.
The graph of y = f(x) is transformed to the graph of y = f(2x) — 3.

(a) Describe fully the two single transformations that have been combined to give the resulting
transformation. [3]

4y = ((2x) -3

I |

1 2

1. Strech b’} [:a&oro?. \ 2: trangate bﬂ_lo \
-8
-3

in a—direcHon

9709 w21_qgp_13
The graph of y = f(x) is transformed to the graph of y = 3 — f(x).
Describe fully, in the correct order, the two transformations that have been combined. [4]
R S Gln)

—_

2 1

1: relieckion i~ x-Oxis
2: frongloake bu f o ]
|

27
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BINOMIAL THEOREM

Expand First few Terms

Q1) 9709_w21_qgp_13

(a) Find the first three terms, in ascending powers of x, in the expansion of (1 + ax}ﬁ.

o

il +ax )

y -] [ .4
6Coax®l® + Cax\7 + Craz"|

\ -+ bax .t \Sarer

Q2) 9709 w22 qp_13

(a) Find the first three terms in ascending powers of x of the expansion of (1 + 2x)°.
(\+2x ) B Cr (@)

—— _
EC,/GE:LDIF “+ 56121‘1"‘ —hif_aa_l'x. L™ 5 5,

L + 10 ~+ 40x*

28
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FIND COEFFICIENT OF SPECIFIC TERMS

9709_s21_qp_11

(b) Hence find the coefficient of X% in the expansion of (4 + x)2(3 — 2x)5. [3]

ot of -
(4~ 'JC-\)L (_Es-l'x);
(Ua-'r E".‘A!_-\-'!."\) (51:,,3,1"3.;-'56.2.1;.‘3“ -1-5[:,121."33...)

(_\h-tlS':r.*')t.")( 2uM3y — 8lD0x 10807!..‘..)
[ = L K '1.‘.. ) "
243922 — LUOOD 2 + 13280x*
MWOM > et
= V1043

9709_w21_qp_12.

(a) Itis given that in the expansion of (4 + 2x)(2 — ax)?, the coefficient of x? is —15.

Find the possible values of a. [4]

coff of x* =15
(M4 + 11‘)(.1-"11‘)5
(U4 +2x) (5Coan®2% —SCrax' g9 45CLan* 23, . )
(422%)( 32 — 8Cox + SGarx.. )
— s uilh
“1LOax"+ 320a*x* = =152
51(:‘:;5_" Hlboﬂ-'\'!‘g-:o

a-'18 e a=3/g

29



A Note from Mojza

This resource for AS Level Mathematics (9709)
has been prepared by Team Mojza, covering
the content for AS Level 2022-24 syllabus. The
content of this resource has been prepared
with utmost care. We apologise for any issues
overlooked; factual, grammatical or otherwise.
We hope that you benefit from these and find
them useful towards achieving your goals for
your Cambridge examinations.

If you find any issues within these notes or
have any feedback, please contact us at
support@maojza.org.
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